Second-order topological superconductors host Majorana corner and hinge modes in contrast to conventional edge and surface modes in two and three dimensions. However, the realization of such second-order corner modes usually demands unconventional superconducting pairing or complicated junctions/layered structures. Here we show that Majorana corner modes could be realized using a 2D quantum spin Hall insulators in proximity contact with an s-wave superconductor and subject to an in-plane Zeeman field. Beyond a critical value, the in-plane Zeeman field induces opposite effective Dirac masses between adjacent boundaries, leading to one Majorana mode at each corner. Similar paradigm also applies to three dimensional topological insulators, where Majorana hinge states emerge. Avoiding complex superconductor pairing and material structures, our scheme provides a experimentally realistic platform for implementing Majorana corner and hinge states.
MCMs or even Majorana hinge modes.
The emergence of MCMs originates from the kink of Dirac mass at the corners (hinges) of the 2D (3D) second-order TSCs. Based on this principle, we propose that MCMs can emerge in an elementary platform of swave SC with an in-plane Zeeman field, as sketched in Fig. 1 . Specially, we consider quantum spin Hall insulators (QSHIs) on square lattices proximitized by an s-wave SC. In the absence of s-wave paring and Zeeman fields, two topologically protected helical edge states propagate along the boundary of the 2D sample. The proximity-induced s-wave SC pairing gaps out the helical edge modes. While intimately related to the SO coupling, the in-plane Zeeman field brings different effects on the low-energy Hamiltonian of each edge. We find that through combining the s-wave pairing with appropriate in-plane Zeeman field, the Dirac mass term in the low-energy Hamiltonian of the helical edge state reverse its sign at the corner, resulting in the MCMs. Different from previous schemes in Refs. [30, 31] , there is no Majorana Kramers pair but only a single MCM at each corner due to the time-reversal symmetry breaking. Based on similar physics, 3D second-order TSCs can be implemented in a 3D strong topological insulator (TI), where the interplay between s-wave pairing and Zeeman field (not necessarily in-plane) gives rise to four domain walls on the edge between two neighboring surfaces, yielding Majorana hinge modes.
Physical realization and model Hamiltonian.-Consider the heterostructure of an s-wave SC and a QSHI with Zeeman fields h (see Fig. 1 ), we could write down the Hamiltonian operator in momentum spacê
Then its matrix representation reads
where λ i represents the SO coupling strength, ∆ 0 denotes the s-wave SC order parameter induced by proximity effects and ξ k = 0 − 2t x cos k x − 2t y cos k y with 2 0 being the crystal-field splitting energy and t i the hopping strengths on the square lattice. The three terms σ, s and τ are Pauli matrices acting on orbital (a, b), spin (↑, ↓) and particle-hole degrees of freedoms respectively. In the absence of SC pairing and Zeeman fields, the Hamiltonian is invariant under time-reversal symmetry T = is y K and space-inversion operation I = σ z , where K is the complex-conjugation operator. Its band topology can be characterized by a Z 2 topological index protected by T symmetry. The system is a QSHI under the condition
which consists of two copies of a quantum anomalous Hall insulator in the orbital space. By the bulk-boundary correspondence [3, 4] , there are two helical edge states propagating along the edges in the QSHI phases, as shown in Fig. 2(a) . With either in-plane Zeeman field h x , h y or SC order parameter ∆ 0 , there exits a finite gap between the two helical edge states, which are illustrated in Fig. 2(b) and (c) respectively. The competition between SC pairing and Zeeman fields will lead to another gap closing ( Fig. 2(d) ) and finally another gapped region ( Fig. 2(e) ), which turns out to be a second-order TSC. To understand the physics, we need to solve the edge solutions with both ∆ 0 and h. In the following, we will explore this through studying the low-energy theory on each edge. Low-energy theory on the edges.-In the presence of both SC order and in-plane Zeeman field, the Hamiltonian H(k) has both inversion symmetry and particle-hole symmetry PH(k)P −1 = −H(−k), where P = τ x K. Without loss of generality, we assume a positive in-plane Zeeman field applied along x direction, i.e., h x > 0 and h y = h z = 0. Under this conditions, the energy eigenvalues of H(k) are given
and each of them are two-fold degenerate.
The low-energy Hamiltonian can be obtained through expansion with respect to k at Γ point
where = 0 − 2t x − 2t y < 0 is presumed such that the QSHI is topologically non-trivial by the Z 2 index (without SC pairing and Zeeman field). The four edges of a square sample are labeled by i, ii, iii, iv, as sketched in Fig. 1 . Assuming an open-boundary condition along x for edge i, we can decompose the total Hamiltonian
by writing the momentum operator in real space
When the pair interaction is small enough compared to the energy gap, we can treat H p as a perturbation term and solve H 0 to derive the effective Hamiltonian for edge i. Assume that Ψ a are zero energy solutions for H 0 bounded at edge i. Due to [H 0 , σ y s z ] + = 0, σ y s z τ z Ψ a are also the eigenstates for H 0 . We choose basis vector ζ β for Ψ a satisfying σ y s z ζ β = −ζ β , where ζ 1 = η −,+,+ , ζ 2 = η +,−,+ , ζ 3 = η −,+,− , ζ 4 = η +,−,− with η ν1,ν2,ν3 = |σ y = ν 1 |s z = ν 2 |τ z = ν 3 . In this basis, the effective low-energy Hamiltonian for the edge becomes H Edge,i = 2iλ y s z τ z ∂ y + ∆ 0 τ x . Following similar steps, we obtain the low-energy Hamiltonian for each edge and write them in a uniformly form as
where j enumerates the four edges. To list all parameters in sequential order j = i-iv, we have λ j = −2λ y , 2λ x , 2λ y , −2λ x ; l j = y, x, y, x, and
From the above equation, we see that the SC order gaps all the helical edge states regardless of Zeeman fields since [s z τ z , τ x ] + = 0. However, the analytic result indicates that the Zeeman field h x only opens a gap on parallel edges (edge ii and iv) but keep the two edges along perpendicular direction (edge i and iii) untouched, as confirmed by exact diagonalization shown in Fig. 2(b1) and (b2) respectively.
Knowing the low-energy Hamiltonians above, we may also write down the wavefunctions for the edge modes. With vanishing SC order parameter ∆ 0 = 0, there are two zero-energy bound states on edge i where α = − (λ 2 x /t 2 x + h x /t x + /t x ) and A 1 (A 2 ) is the normalization constant. Similarly, we can find two bound states localized at edge iii and the numerical results are shown in Fig. 3(a) . The parameters are chosen as ∆ 0 = 0 and h x = 0.6 and the energy level distribution reveal four zero-energy solutions in Nambu space, where two of them correspond to the zero-energy states on edge i and the other two are bounded on edge iii, in accordance with analytic analyses.
After a unitary transformation U = 1 ⊕ (−is y ), the edge Hamiltonians read
in the rotated basis χ 1 = |s z = +1 |τ y = +1 , χ 2 = |s z = +1 |τ y = −1 , χ 3 = |s z = −1 |τ y = +1 , χ 4 = |s z = −1 |τ y = −1 . For edge i, the Hamiltonian H Edge,i is block-diagonalized with two decoupled blocks. Each has a Dirac mass ∆ 0 + h x or h x − ∆ 0 . Similar Hamiltonian for edge ii, but with the same Dirac masses ∆ 0 . When (∆ 0 − h x ) · ∆ 0 < 0, the Dirac mass on edge i and ii has opposite signs, leading to the emergence of a localized mode at the intersection of the two edges, which is exactly the MCM we promised before.
With similar analyses, we find that MCMs will emerge at all the corners when 0 < ∆ 0 < h x . At the corner of edges i and ii, we can write down MCM via solving zero-energy wavefunction Φ (x, y) ∝ e
|y−y0| (χ 3 − iχ 4 ) (edge i),
where the corner locates at (x 0 , y 0 ). This indicates that the Majorana corner mode could have different profiles/density distributions along different spatial directions when More generally, an in-plane Zeeman field induce MCMs in our setup when h 2 x + h 2 y > ∆ 0 . However, the out-ofplane Zeeman field (h z s z term) will not do the job since the helical edge states of QSHIs remain gapless for any h z . It affects each edge of the physical sample in the same way and thus, cannot induce MCMs. When tuning a non-zero chemical potential µ = 0, we still observed the MCMs if h > µ 2 + ∆ 2 0 with bulk spectrums being gapped.
Topological phase diagram-With the knowledge of both bulk spectrums and the physical origins of the MCMs, we now describe how the corner modes evolve from helical edge states of the QSHI. Firstly, the proximity effect introduces a SC pairing ∆ 0 into the QSHI and opens a finite band gap in all edge states. We then gradually turn on the in-plane Zeeman field h x but it only affects parallel edges and leave the other two unchanged. The band gap between the two parallel edges would close again at the critical point h x = ∆ 0 , exceeding which the gap will reopen. In this regime, the effective Dirac masses have opposite signs along two intersecting edges and thus, promising the emergence of MCMs. Such a gap close-reopen phenomenon (Fig. 2 (c1-e1) ) describes a topological phase transition and the resulted topological phase can be characterized by a Z invariant [36] . The numerical examinations of MCMs on a square sample, together with the energy level distributions, are plotted in Fig. 3(b) . From the real-space density distributions of the four zero-energy modes, we see clearly four MCMs localized at each corner of the square.
Since such a MCM is topologically protected, it must be robust to local defects. This is again confirmed by exact digitalization on a right triangle sample as shown in Fig. 3(c) . Compared to the square sample with same parameters (Fig. 3(b) ), we only see two MCMs at the left two corners. To understand this, we note that the effects of Zeeman field on the hypotenuse edge can be studied by projecting it to the direction of Zeeman field and thus, the Zeeman field acts uniformly on the hypotenuse edge and the upper edge. Consequently, there is no kink of Dirac mass at that corner, i.e., no MCMs. In fact, such an argument applies to all geometry configurations with odd edges (e.g. the square with a small right triangle removed at a corner) and this is consistent with bulk spectrums since particle-hole symmetry demands that the zero-energy modes must be lifted pairwise.
Based on the discussions above, we know there exist the topological phases with MCMs whenever 0 < ∆ 0 < h x . So the topological phase diagram is plotted in Fig. 3(d) , coming with two distinct TSCs, normal SCs (NSF) and second order TSCs with MCMs.
Majorana hinge modes in 3D second-order TSCs.-We now turn to generalize the above model to 3D. Consider a 3D topological insulator described by the Bloch Hamiltonian H T (k) = ξ k σ z s 0 + i λ sin k i σ x s i , where ξ k = m 0 + i t cos k i , which respects both time reversal and inversion symmetries. When 1 < |m 0 | < 3, H T (k) represent a 3D TI that possesses surface Dirac cones with gapped bulk spectrums protected by I and P symmetries. With an s-wave SC order ∆ 0 and a Zeeman field in mind, we have Our previous studies apply similarly in this model. For ∆ 0 = 0, |h| = 0, the surface states are gapped and the system is a trivial SC. When h x > 0, h y = h z = 0, the in-plane Zeeman field h x breaks the time reversal symmetry in the x-direction, generating a class-D SCs. Tuning h x > ∆ 0 , we observe the gapless chiral Majorana hinge modes propagating along the z direction as shown in Fig. 4 and such a 3D second-order TSC that can again be characterized by a Z invariant [36] . Fig. 4(a) shows the energy spectrums with open boundary conditions along x and y directions, where the chiral Majorana hinge modes (each two-fold degenerate) traverse the bulk energy gap. The combination of the Zeeman field and the SC order gives rise to four domain walls at which the Dirac mass sign changes. Due to the inversion symmetry, the chiral modes at diagonal hinges propagate along opposite directions, as illustrated in Fig  4(b) . We remark that the requirement of in-plane Zeeman field can be released in 3D and the direction of the Zeeman field can be used to control the directionality of the hinge modes. Specially, when the Zeeman field lies along the y (z) direction and h y > ∆ 0 (h z > ∆ 0 ), the chiral Majorana hinge modes propagate along the x (y) direction with periodic boundary conditions. Discussion and conclusion.-We have shown that the heterostructure of QSHI/s-wave SC forms a second-order TSCs under proper in-plane Zeeman fields. The physical origins of MCMs comes from the sign change of Driac mass at certain corners. For experimental considerations, the monolayer QSHI WTe 2 has the desired band structure [37] , and has been confirmed as a high-temperature QSHI in recent experiments [38] . For ordinary s-wave SC, Niobium Titanium Nitride (NbTiN) is a potential candidate with the transition temperature at ∼ 15K and its Bogoliubov excitations spectrums are fully gapped [39] . With appropriate in-plane Zeeman field, it is promising to observe the MCMs this high-temperature platform. For Majorana hinge modes in 3D, we could induce an appropriate effective Zeeman field by doping magnetic impurity into the 3D TI.
The SC gaps for Nb family superconductors are in the order of 1.5 meV while the proximity-induced SC gap (≈ 0.1 meV) could be tuned much smaller than that though adjusting proximity distance and layer numbers [40] . To achieve a comparable (or slightly larger) spin Zeeman splitting in transition metal dichalcogenides (TMDs), we require a magnetic field H ≈ 25 mT [41] , which is way smaller than the lower critical magnetic field in NbTiN thin film (H cl ≈ 150 mT) [42] . So, there should be no concerns on the Abrikosov vortices obstructing the experimental observations.
To summarize, our work provides potential platforms to implement second-order topological superconductors in high temperature. Neither exotic SC pairings nor complex junction structures are required. This could greatly facilitate and advance experimental studies of the nonAbelian Majorana corner and hinge quasiparticle excitations. 
